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The emergent gravity proposal is examined within the framework of non-commutative QED/gravity
correspondence from particle dynamics point of view. In particular it is demonstrated how a non-
commutative U(1) background gauge ﬁeld can be interpreted as a curved background, as far as the
quantum and classical dynamics of a charged particle are concerned.
© 2008 Elsevier B.V. Open access under CC BY license.1. Introduction
There have been arguments supporting the idea that the quan-
tum theory of gravity, as the theory governing the quantum ﬂuc-
tuations of spacetime, might be formulated most naturally on non-
commutative (NC) spacetime [1,2]. One of the proposals in this
context is that, maybe gravity should be considered as an emer-
gent phenomena rather than a fundamental one, the so-called
“emergent gravity” scenario [3–6]. Accordingly, it might be likely
that the gravity effects are simply an interpretation of the interac-
tion of NC gauge ﬁelds and matter. In particular, it is observed that,
at least in some available expansion in NC parameter, a proper re-
arrangement of interaction terms of an NC U(1) background with
matter ﬁeld can be interpreted as a free theory but in curved back-
ground [3–6]. In [6] the idea is pushed forward from the classical
level to quantum one, leading to the novel observation that the
so-called UV/IR mixing phenomena [7] plays an essential role once
one wants to make correspondence between the one-loop effective
action in gauge theory and gravity sides. In another observation of
this kind it is seen that the relative dynamics of two massive NC
photons at low energy is described by a free theory but in a mod-
iﬁed metric [8]. This sounds it is highly expected that the gravity
effects for both the ordinary matter as well as the massless NC
photons, which eventually come as the dynamical degrees of free-
dom of the resulting theory of gravity, are governed by the same
NC U(1) theory.
In this Letter the aim is to present working examples by which
the basic features and the extent of the proposed NC U(1)/gravity
correspondence can be understood from the particle dynamics
point of view. In particular it is shown that how the NC U(1) back-
grounds that satisfy certain condition can turn to a curved back-
ground, though in some special gauges of diffeomorphism transfor-
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classical equation of motion of the particle in the ﬁnal section.
Here we consider the canonical NC spacetime, whose coordi-
nates satisfy the algebra[
xˆμ, xˆν
] = iθμν1, (1)
in which θμν is an antisymmetric constant tensor and 1 repre-
sents the unit operator. It has been understood that the longitu-
dinal directions of D-branes in the presence of a constant B-ﬁeld
background appear to be non-commutative, as seen by the ends
of open strings [9]. It is understood that theories on canonical NC
spacetime are deﬁned by actions that are essentially the same as
in ordinary spacetime, with the exception that the products be-
tween ﬁelds are replaced by -products, deﬁned for two functions
f and g by
( f  g)(x) = exp
(
iθμν
2
∂xμ∂yν
)
f (x)g(y)
∣∣∣∣
y=x
. (2)
2. U(1) background as curved background
The starting point is the action
S =
∫
dDxdt
(
1
2m
(
h¯∇ψ − i[A,ψ]
) · (h¯∇ψ∗ − i[A,ψ∗]

)
− iψ∗(h¯∂tψ − i[A0,ψ])
)
(3)
in which [a,b] := a  b − b  a, and ψ∗ is the complex conjugate
of ψ . The equation of motion by the above action presents the
quantum mechanics of a particle in presence of the NC U(1) back-
ground (A0,A) in the Schrödinger picture. We mention that here
the matter ψ interacts in the sense of adjoint representation with
the background. This kind of interaction is absent in U(1) theory
on ordinary spacetime, as there the product is commutative, op-
posed to -product here. In the following we set h¯ = 1 for sake of
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considerations.
The action above is invariant under the gauge transformations:
ψ → ψ ′ = U  ψ  U∗,
A → A′ = U  A  U∗ + iU ∇U∗,
A0 → A′0 = U  A0  U∗ + iU  ∂tU∗ (4)
in which U is a -phase deﬁned by
U = exp(iΛ) = 1+ iΛ −
1
2
Λ  Λ + · · · , (5)
with Λ as an arbitrary function. One easily can show that U U∗ =
U∗  U = 1.
Here we consider the scattering of the particle by the given
background at the lowest level. In the following we assume that
(1) A0 = 0, and (2) the non-commutativity is restricted to spatial
directions, θ0i = 0. We take that the incoming and outgoing parti-
cles have momenta p1 and p2, respectively. The expression for the
transition amplitude can simply be obtained via the Feynman rules
of the ﬁeld theory set up of the problem
T1→2 = i
m
sin
(
p1  p2
2
)
(p1 + p2) · A˜(q,ω) (6)
in which k l = θ i jkil j , and A˜(q,ω) is the Fourier transform of the
background A(x, t),
A˜(q,ω) =
∫
dDxdt eiq·x−iωtA(x, t) (7)
with q = p2 − p1 and ω = E2 − E1, as transferred momenta and
energy, respectively. We mention a certain combination of the in-
coming and outgoing particles’s momenta determine the strength
of the interaction. In fact in higher orders higher powers of mo-
menta come in the expression. So, as we are working at the lowest
order, we take the sine equal to its argument, getting
T1→2 = i
2m
(p1  p2)(p1 + p2) · A˜(q,ω). (8)
Now in quantum mechanical interpretation of the problem on or-
dinary spacetime, the result above corresponds to the ﬁrst order
Born approximation expression
T1→2 =
∫
dt e−i(E2−E1)t〈p1|Vˆ (xˆ, pˆ, t)|p2〉 (9)
with
Hˆ = pˆ · pˆ
2m
+ Vˆ (xˆ, pˆ, t), 〈x|p〉 = eip·x,
[
xˆi, xˆ j
] = [pˆi, pˆ j] = 0, [xˆi, pˆ j] = ih¯δij1. (10)
By comparing (8) and (9), recalling the Hermiticity of Hamiltonian,
and with Aˆ = Aˆ(xˆ, t), one has the following expression for Vˆ
Vˆ (xˆ, pˆ, t) = i
4m
θ i j
{
pˆi(Aˆ · pˆ+ pˆ · Aˆ)pˆ j − pˆ j(Aˆ · pˆ+ pˆ · Aˆ)pˆi
}
. (11)
Using the identities pˆi Aˆ j = Aˆ j pˆi − i∂i Aˆ j , and θ i j pˆi pˆ j = 0, one ﬁnds
Vˆ (xˆ, pˆ, t) = 1
2m
(
γˆ i j pˆi pˆ j − i∂i γˆ i j pˆ j
)
(12)
in which
γˆ i j(xˆ, t) = θkj∂k Aˆi + θki∂k Aˆ j = γˆ ji(xˆ, t) (13)
satisfying
∂i∂ j γˆ
i j = 0 (14)using θnl∂n∂l = 0. The Hamiltonian then takes the form of
Hˆ = 1
2m
(
gˆi j pˆi pˆ j − i∂i gˆ i j pˆ j
)
(15)
with gˆi j(xˆ, t) = δi j + γˆ i j(xˆ, t). We mention that the above Hamilto-
nian, despite presence of combinations of position and momentum
operators, is free from ordering ambiguity. The above Hamiltonian
in the position basis takes the form of
Hxbasis = −12m
(
gij∂i∂ j + ∂i gi j∂ j
)
. (16)
According to recipe the Hamiltonian operator of a free particle in
position basis is given by the Laplacian constructed by the metric
gij(x, t),
Hxbasis = − 12m∇
2 = − 1
2m
1√
g
∂i
(√
ggij∂ j
)
(17)
in which g = det gij . So interpreting (16) as the Hamiltonian of
kind (17) gives the uni-modular condition det gij = 1, leading to
Trγ i j = γ i i ∝ θ i j F i j = 0 (18)
at ﬁrst order of θ , with Fij = ∂i A j −∂ j Ai . We mention that the con-
dition above cannot be considered as a gauge ﬁxing one, because
Fij is gauge invariant, at least at this order of θ . So according to
the construction above, for NC U(1) background A(x, t) that sat-
isﬁes (18) the dynamics is described by the motion of particle in
presence of the effective metric
gij = δi j + θkj∂k Ai + θki∂k A j, (19)
satisfying the conditions
∂i∂ j g
i j = 0, det gij = 1. (20)
It is useful to compare the construction above with that of [3],
in which the case of a massless scalar ﬁeld ϕˆ is considered in pres-
ence of the NC background Aˆμ . Since the action has only one term,
one can use the ﬁrst order Seiberg–Witten map
Aˆμ = Aμ − 1
2
θαβ Aα(∂β Aμ + Fβμ),
ϕˆ = ϕ − θαβ Aα∂βϕ (21)
that turns the action to the one for the scalar ﬁeld ϕ in curved
background given by the Aμ-dependent effective metric Gμν [3],
for which we have
detGμν − detημν ∝ D − 3
2
θαβ Fαβ + O
(
θ2
)
, (22)
in D + 1 space–time dimensions. We see that in 3+ 1 dimensions,
the uni-modular condition is satisﬁed automatically.
3. Classical dynamics in NC U(1) background
In this section we derive the classical equation of motion of
a particle in presence of the NC U(1) background. We examine a
different starting point from the previous section, that is the rela-
tivistic theory of NC QED, given by the action (h¯ = c = 1)
S =
∫
dDxdt
(
−1
4
Fμν F
μν + iψ¯γ μ(∂μψ − i[Aμ,ψ])−mψ¯ψ
)
,
ημν = diag(+1,−1, . . . ,−1), γ μγ ν + γ νγ μ = 2ημν, (23)
in which ψ¯ = ψ†γ 0, and ﬁeld strength is deﬁned by
Fμν = ∂μAν − ∂ν Aμ − i[Aμ, Aν ]. (24)
The action above is invariant under the gauge transformation (4).
Under the gauge transformation, the ﬁeld strength transforms as
Fμν → F ′μν = U  Fμν  U∗. (25)
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the ﬁeld strength of NC U(1) theory, together with self-interaction
terms in the pure gauge sector in action above, shows that it
should be regarded as a non-Abelian gauge theory. Based on these
facts, here we use the Wong’s approach, originally adopted for
particles with non-Abelian charge [10], to derive the classical equa-
tions of motion of charges in presence of NC U(1) background. This
formalism is presented for charges in fundamental representation
in [11]. Here we consider charges in adjoint representation, and
give a presentation appropriate for emergent gravity interpretation
of the result. At the ﬁrst order of NC parameter the Lagrangian
takes the form of
L = −1
4
Fμν Fμν + iψ¯γ μ∂μψ + iψ¯γ μθαβ∂α Aμ∂βψ
−mψ¯ψ + O (θ2), (26)
by which the equation of motion for ψ is obtained to be:
iγ 0∂0ψ + iγ i∂iψ + iγ μθαβ∂α Aμ∂βψ −mψ = 0. (27)
As previous section we assume (1) non-commutativity is just in
spatial directions: θ0i = 0, (2) A0 = 0. So, the above equation ap-
pears in the form:
iγ 0∂0ψ + iγ i∂iψ + iθ i jγ k∂i Ak∂ jψ −mψ = 0. (28)
Taking above as a Schrödinger equation we read the corresponding
Hamiltonian as
Hˆ = αi pˆi + θ i jαk∂i Ak pˆ j +mγ 0 (29)
in which αk = γ 0γ k . The Heisenberg equations of motion are de-
rived for the operators as well:
˙ˆxk = i[Hˆ, xˆk] = αk + θ ikα j∂i A j, (30)
˙ˆpk = i[Hˆ, pˆk] = −θ i jαl∂k∂i Al pˆ j . (31)
From the ﬁrst equation we have αk = ˙ˆxk−θ ik ˙ˆx j∂i A j +O (θ2), which
gives by second equation:
˙ˆpk = −θ i j ˙ˆxl∂k∂i Al pˆ j + O
(
θ2
)
. (32)One might take above as the equation of motion pk in the curved
background as
pk =mg˜kl x˙l, g˜nl(x, t) = δnl − γ˜nl(x, t) (33)
in which we have gone to the classical regime by dropping the
hats. By this interpretation one ﬁnds
x¨l + 1
2
δlk(∂i γ˜ jk + ∂ j γ˜ik − ∂kγ˜i j)x˙i x˙ j + ∂0γ˜ il x˙i + O
(
γ˜ 2
) = 0 (34)
with γ˜ i j = θkj∂k Ai + θki∂k A j , as the same coming in metric (19).
We mention that above result is simply the dynamics of a particle
in presence of a time-dependent metric.
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